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NASA TTF-9547 

SELF-SIKILAR PROBLEMS OF PROPAGATION 
OF TANGENTIAL RUPTURE CRACKS 

B. V. Kostrov 
(Moscow) 

ABSTRACT 

An examination is made of t h e  plane and s p a t i a l  /889* 

problems of unsteady crack propagat ion i n  a medium sub- 

j e c t e d  t o  uniform shear .  The p lane  problem is completely 

analogous t o  t h e  problem of Broberg (Ref.1) regard ing  a 

normal rup tu re  c rack ,  but i t  is  solved by much s impler  

methods. The concurrent  s tudy  of p lane  and s p a t i a l  cases 

a l s o  has  t h e  advantage t h a t  several of t h e  in te rmedia te  

r e s u l t s  der ived  f o r  t h e  plane problem provide a b a s i s  

f o r  so lv ing  t h e  s p a t i a l  case.  p L 4  
The axisymmetric problem regard ing  propagat ion of a 

normal rup tu re  c rack  ( the  s p a t i a l  analog of Broberg's 

problem) w a s  solved by the au thor  i n  (Ref. 2 ) .  I n  con- 

t ras t  t o  t h i s  problem, t h e  problem t o  be solved i n  t h e  

p re sen t  s tudy w i l l  no t  be axisymmetric,  bu t  a genera l iza-  

t i o n  of t h e  method employed i n  (Ref. 2) makes it p o s s i b l e  

t o  formulate  a p r e c i s e  s o l u t i o n  f o r  t h e  problem a t  hand. 

It is  thus  assumed t h a t  t he  s u r f a c e  of t h e  c rack  has  t h e  

form of a c i r c u l a r  d i s c ,  i . e . ,  t h e  propagat ion v e l o c i t y  of 

t h e  crack does not  depend on d i r e c t i o n .  It is  shown t h a t  

t h e  l a t te r  assumption cannot, gene ra l ly  speaking,  be put  i n t o  

* Note: Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  o r i g i n a l  
fo re ign  text.  
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e f f e c t ,  bu t  one can formulate an  i n i t i a l  stress magni- 

tude  a t  which i t  w i l l  be v a l i d .  For a l l  o t h e r  va lues  of 

i n i t i a l  stress, t h e  s o l u t i o n  obtained can be  regar- 

ded as approximative. 

1. Formulation of t he  Problem 

a )  Plane Case. A uniform and i s o t r o p i c  e l a s t i c  medium wi th  

t h e  shea r  modulus 1-1 and wi th  propagation v e l o c i t i e s  of t he  longi- 

t u d i n a l  and t r ansve r se  waves a and b occupies  i n f i n i t e  space.  For 

t < 0 ,  only one component of t he  stress t enso r  T~~~ = T O  d i f f e r s  

from zero.  A t  t h e  moment of t i m e  t = 0 ,  a crack is  formed along 

t h e  y-axis ,  which i s  then  propagated i n  t h e  p lane  z = 0,  s o  t h a t  

t h e  e las t ic  d is turbances  which are thus  formed do n o t  depend on t h e  

coord ina tes  y and are polar ized iii the xz-p?zi;e. %e prcpa- 

g a t i o n  v e l o c i t y  i s  assumed t o  be  cons tan t ,  and i s  designated by a. 

The crack l o c a t i o n  i s  shown i n  Figure 1. Tangent ia l  stresses must 

d i sappear  a t  t h e  crack su r face ,  i .e. ,  d i s turbances  produced by 

development of t h e  crack must s a t i s f y  t h e  cond i t ion  
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Figure 1 
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It can be  shown t h a t  t h e  displacement vec to r  i n  t h e  d is turbance  

must be antisymmetric wi th  respec t  t o  t h e  p l ane  z = 0. 

t angen t i a l  displacement and normal stressare odd func t ions  of z, and /890 

thus  t h e  fol lowing boundary condi t ions hold  a t  z = 0: 

Thus, t h e  

Since t h e  crack and t h e  elastic d is turbances  r e l a t e d  t o  i t  are 

not  p re sen t  f o r  t ,< 0 ,  t h e  i n i t i a l  condi t ions  have t h e  form 

(u = (ux, uz)  - displacement vector)  

u = 0, u*=  v = 0 f o r  t = 0 

The do t  employed he re  designates  t i m e  d e r i v a t i v e .  

A condi t ion  must be  imposed on t h e  s o l u t i o n  behavior  i n  t h e  

v i c i n i t y  of t h e  crack edge, besides  t h e  boundary and i n i t i a l  con- 

d i t i o n s .  J u s t  as i n  t h e  case of a normal rup tu re  c rack ,  w e  can 

assume t h a t  t h e  crack edge is surrounded by a reg ion  i n  which p las -  

t i c  deformation of t h e  medium occurs. The dimensions of t h i s  region 

inc rease  a t  cons tan t  v e l o c i t y  which i s  p ropor t iona l  t o  the  crack 

propagat ion  v e l o c i t y  a, b u t  always remain much smaller than  t h e  

dimensions of t h e  crack i t s e l f .  In t h i s  way, t h i s  p l a s t i c  reg ion  

can b e  regarded as i n f i n i t e l y  small. L e t  us a l s o  assume t h a t  t h e  

work expended on forming the  crack i s  p ropor t iona l  t o  the  volume 

of  t h e  p l a s t i c  reg ion ,  so  t h a t  t he  corresponding output  can b e  

w r i t t e n  i n  t h e  form 

w = 2 a k  

3 



where C i s  t h e  cons tan t  which i s  independent of a. This output  must 

equal  t h e  energy f l u x  through t h e  sur face  surrounding t h e  c rack  edge and 

loca ted  a t  an i n f i n i t e l y  s m a l l  d i s t ance  from it .  We thus  o b t a i n  t h e  

r e q u i s i t e  condi t ion  i n  t h e  form 

lim \ t,,v dl = a*tC 
6 4  

‘ 6  

The contour 26  encompasses one of t he  c rack  edges and i s  

loca ted  a t  t h e  d i s t a n c e  6 from it .  

I n  p a r t i c u l a r ,  i t  fol lows from (1.3) t h a t  t h e  components of 

stress and v e l o c i t y  must i nc rease  as t h e  crack edge i s  approached, 

as 6-%. It can be r e a d i l y  seen  t h a t  t h e  components of stress and 

v e l o c i t y  are uniform funct ions  of t h e  coord ina tes  and of  t i m e  

measured from zero.  Consequently, c l o s e  t o  t h e  c rack  edge they 

are p ropor t iona l  t o  # t /6 .  
- 

I n  phys ica l  terms, i t  i s  c l e a r  t h a t  t h i s  p l a s t i c  reg ion  must 

reach a c e r t a i n  s t a t i o n a r y  s i z e  i n  t i m e .  Then t h e  r i g h t  p a r t  i n  

(1.3) becomes cons tan t  (and no t  propor t iona l  t o  t i m e ) ,  s o  t h a t  t h e  

stresses i n  t h e  v i c i n i t y  of t h e  crack edge must become p ropor t iona l  

t o  i n  t i m e ,  and no t  t o  a, i .e . ,  t h e  s e l f - s i m i l a r  na tu re  of  

t h e  problem must b e  d i s tu rbed  o r ,  i n  o t h e r  words, t h e  assumption 

regard ing  t h e  uni formi ty  of t h e  crack propagat ion v e l o c i t y .  Thus, 

t h i s  formulat ion of t h e  problem is advantageous only f o r  t h e  i n i -  

t i a l  per iod  of crack development. 

b )  S p a t i a l  Case. The i n i t i a l  stress s ta te  of t h e  medium is t h e  

same as i n  t h e  p l ane  case,  bu t  the c rack  propagat ion i s  now i n i t i a -  

t e d  a t  t he  o r i g i n .  It: i s  assumed t h a t  t h e  crack propagat ion v e l o c i t y  
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i s  cons tan t  and does no t  depend on d i r e c t i o n ,  s o  t h a t  t h e  crack 

s u r f a c e  i s  determined by the  following r e l a t i o n s h i p s  f o r  t > 0: 

z = O ,  O < r < a t  

a t  t h e  c y l i n d r i c a l  coord ina tes  r ,  9, z .  

w e  reduce t h e  problem a t  hand t o  the boundary problem f o r  half-space 

z >, 0 

J u s t  as i n  t h e  p l ane  case, 

wi th  t h e  boundary condi t ions 

and wi th  t h e  i n i t i a l  condi t ions  

u = 0 U ' E  v = 0 ,  f o r  t = 0 

An a d d i t i o n a l  condi t ion  can be w r i t t e n  i n  t h e  form 

(1.5) 

where S6 i s  t h e  t o r o i d a l  s u r f a c e  surrounding t h e  crack edge and 

loca ted  a t  t h e  d i s t a n c e  6 from it .  

A l l  t h e  s ta tements  p e r t a i n i n g  t o  t h e  p lane  problem remain i n  

f o r c e  f o r  t h e  s p a t i a l  case ,  b u t  one f a c t  now s t ands  ou t .  S t r i c t l y  

speaking,  condi t ion  (1.6) must be  formulated f o r  t h e  v i c i n i t y  of 

each p o i n t  on t h e  crack edge, but i t  then appears  t h a t  i n  

t h e  gene ra l  case a ,  which i s  determined from t h i s  cond i t ion  

depends on d i r e c t i o n ,  i. e . ,  the form of the crack  

must d i f f e r  from a c i r c u l a r  form. Unfortunately,  a t  t h e  p re sen t  

t i m e  t h e r e  i s  no known method f o r  so lv ing  t h e  problem f o r  t he  case 

when t h e  crack edge i s  an a r b i t r a r y  curve. Thus, a c e r t a i n  e f fec-  

t ive va lue  f o r  t h e  crack propagation v e l o c i t y  i s  obta ined  from con- 

d i t i o n  (1.6).  It must be  pointed o u t  t h a t ,  a l though t h i s  formulat ion 

5 



of t h e  problem i s  no t  v a l i d  f o r  determining t h e  form of  t h e  crack 

edge, i t s  s o l u t i o n  must y i e l d  a co r rec t  d e s c r i p t i o n  of t h e  e l a s t i c  

wave f i e l d s  a t  l a r g e  d i s t ances  from t h e  crack.  This i s  of b a s i c  

importance when applying t h i s  s o l u t i o n  t o  seismology. 

p a r t  o f  Sec t ion  4 w i l l  g ive  a value f o r  i n i t i a l  stress, a t  which 

t h e  crack form w i l l  be  c i r c u l a r ,  even i f  l o c a l  f u l f i l l m e n t  of  an 

a d d i t i o n a l  condi t ion  is  requi red  ( a t  t h i s  i n i t i a l  stress va lue ,  t h e  

in t eg rand  i n  (1.6) does not  depend on t h e  angle  9). 

The las t  

2. Funct iona l ly- Invar ian t  Solut ions 

I n  both of t h e  formulated problems, t h e  components of  t h e  

stress t enso r  and t h e  v e l o c i t y  vec tor  are uniform funct ions  of t h e  

coord ina tes  and of t i m e  measured from zero.  This makes i t  p o s s i b l e  

t o  employ t h e  method of func t iona l ly- invar ian t  s o l u t i o n s  given by 

Smirnov-Sobolevl. I f  t h i s  method is  employed, t h e  p l ane  problem 

can b e  r e a d i l y  solved f o r  half-space z >, 0 w i t h  t h e  displacement 

v e c t o r  po la r i zed  i n  t h e  xz-plane; t h i s  s o l u t i o n  s a t i s f i e s  t h e  fol lowing 

cond i t ion  a t  t h e  boundary 

0, = O  for Z = O ,  - - , < x < m  (2 9 1) 

Omiting t h e  d e t a i l s ,  w e  can write t h i s  s o l u t i o n  as follows: 

See Chapter X I I ,  i n  t h e  Russian t r a n s l a t i o n  of t h e  book (Ref. 3 ) .  

6 



Here and 9") are determined from t h e  equat ions 

= t - t)(1)5 - z)/a-Q - @(l)Q = 0, b(4) t - f$(Q),, 2 V b - L  e(m = 0 
( 2 . 3 )  - 

and t h e  func t ions  i n  (2 .2 )  under the real p a r t  are expressed by 

means of a s i n g l e  unknown funct ion  V( 6 )  by t h e  r e l a t i o n s h i p s  

I 8 9 2  

One s o l u t i o n  of t h e  p lane  problem, i n  which the  displacement 

v e c t o r  is  p a r a l l e l  t o  t h e  y-axis,  i s  s t i l l  r equ i r ed  t o  so lve  t h e  

s p a t i a i  probiem. - inis soiution is deier-rniiled by the relatianships 

Ins t ead  of t h e  real p a r t s ,  one can t ake  t h e  imaginary p a r t s  

of t h e  corresponding func t ions  i n  formulas ( 2 . 2 )  and ( 2 . 5 ) .  

3.  Solu t ion  of t h e  Plane Problem 

The r e l a t i o n s h i p s  i n  t h e  preceding s e c t i o n  express  t h e  der iva-  

t ives of t h e  d e s i r e d  func t ions  by t h e  d e r i v a t i v e  of t h e  func t ion  V ( 9 ) .  

Thei r  pr imat ives  must be  determined so  t h a t  t h e  i n i t i a l  condi t ions  

are f u l f i l l e d .  It can be  r e a d i l y  seen  t h a t  i n t e g r a t i o n  must be  

c a r r i e d  out  w i th  r e s p e c t  t o  t h e  contours shown i n  F igure  2 i n  o r d e r  

t o  do t h i s ,  s o  t h a t  

7 



I 
Figure 2. 

\ Vi1)' (A) dh = - iba 
1(1) 2 (1) 

ha V' (A) dh 
(3.1) 

iS vz(1) - 
2i 

,>) = - \ Vp) (1) dh =z - 1  \ (1 - 2b2h2) V"(h)  dh etc.  
2i 

1(2) I(a) 

The i n i t i a l  condi t ions  w i l l  be f u l f i l l e d ,  i f  i t  i s  requi red  t h a t  

V'(X) be r e g u l a r  f o r  -a-l < 

and 

ca r ry ing  out  branch c u t s  from - a- l to  - m and from a-l t o  m along 

Reh < a-l, and i f  t h e  radicals&?- 

are transformed s o  t h a t  they are p o s i t i v e  f o r  h = 0, pT 

t h e  real axis. 

For z = 0 t h e  func t ions  and assume t h e  same values  

6 = a ( 2 )  = 6 z t / x ,  and a s  a r e s u l t  w e  o b t a i n  

where 2 i s  t h e  contour shown i n  Figure 3 and 

Expressions (3.2) must s a t i s f y  t h e  condi t ions  (1.1). Analyzing /893 

(3 .2) ,  and from t h e s e  condi t ions  as w e l l  as t h e  r e q u i s i t e  s o l u t i o n  

behavior  i n  t h e  v i c i n i t y  of t h e  crack edge, w e  o b t a i n  

A 
v' (h) = (a-8 - p p  f o r  o<a<c 

(3 3) 
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Here c i s  t h e  v e l o c i t y  of  Rayleigh waves ( R ( c - ~ )  = 0 ) .  I n  the  

case b < a < a i t  can be s t a t e d  t h a t  t h e r e  i s  no s o l u t i o n  which has 

t h e  r e q u i s i t e  o rde r  o f  i nc rease  close t o  t h e  c rack  edge. It can be 

shown t h a t  t h e  i n t e g r a l  i n  t h e  r i g h t  p a r t  of (1 .3)  i n  the  case 

c < a < b is  negat ive ,  i .e.,  i n  t h i s  case, an a d d i t i o n a l  cond i t ion  

cannot be f u l f i l l e d .  From t h i s  po in t  on, w e  s h a l l  assume t h a t  

a < c. 

boundary from t h e  f i r s t  express ion  (3.2): 

U t i l i z i n g  (3.3), w e  o b t a i n  t h e  displacement of  t h e  crack 

u, = aAvaaP --;jGail for z = 0, I 2 1 < aL (3.5) 

The second of  t h e  r e l a t i o n s h i p s  (3 .2)  gives t h e  equat ion  f o r  

determining A. 

us deform t h e  contour  2 so  t h a t  i t  co inc ides  w i t h  t h e  imaginary ax i s .  

This can be  done, s i n c e  t h e  integrand is r e g u l a r  oucside of the 

branch cu t s  from 2 a-l t o  2 a'l , and decreases  r a p i d l y  t o  i n f i n i t y .  

Then from (1.1) and (3.21, w e  have 

I n  o rde r  t o  do t h i s ,  i n  t h e  case of 16 I < a-1 l e t  

L e t  us des igna te  t h e  i n t e g r a l  i n  t h i s  formula by I ( a ) .  We then  

have 

?O 

4pbaI (a) A =  

Figure 3. 
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We must now study t h e  s o l u t i o n  behavior  c l o s e  t o  t h e  crack edge 

and must f u l f i l l  t h e  add i t iona l  condi t ion (1.3).  When t h e  p o i n t  

(x, z )  approaches t h e  crack edge, the  ends of t h e  contours  Z ( l )  and 

2(2) approach t h e  p o i n t  X = a” (as the r i g h t  crack edge i s  approached). 

Using t h e  Laplace method, w e  can read i ly  o b t a i n  t h e  f i r s t  terms of 

asymptotic expansions of t h e  ve loc i ty  and stress components i n  t h e  

form 

where /894 

l e f t  

I s I = a t + b c o s q ,  z = b s i n q ,  f ’ ”(4) = ( c o s $ -  i s i n g v l  -a2u-2)A’* 

(9) = (cos 9 - i sin *VI - a2b-2)-’11 

We can now r e a d i l y  c a l c u l a t e  t h e  l i m i t s  of t h e  i n t e g r a l  i n  t h e  

p a r t  o f  (1.3).  Employing (3.6),  w e  o b t a i n  as a resdlt 

This equat ion  determines t h e  crack propagat ion  v e l o c i t y  a as 

a func t ion  of  t h e  load  TO. 

4 .  Solu t ion  of t h e  S p a t i a l  Problem 

The s o l u t i o n  o f  t h e  s p a t i a l  problem can b e  reduced t o  t h e  

p l ane  problem, by t h e  same method as w a s  employed i n  t h e  s tudy (Ref. 

2) f o r  t h e  axisynrmetric problem of a normal r u p t u r e  crack.  The case 

10 



under cons ide ra t ion  d i f f e r s  from the l a t te r ,  due t o  t h e  f a c t  t h a t  t h e  

problem is  no t  axisymmetric. 

L e t  us in t roduce  t h e  Car tes ian  system of  coord ina tes  x, y ,  z ,  

which i s  dependent on t h e  parameter w and which i s  r e l a t e d  t o  t h e  

b a s i c  p o l a r  system r, p, z by the r e l a t i o n s h i p s  

2 = r cos (cp - a), y = r sin (cp - a), z = z 

a n d ' l e t  us  form a supe rpos i t i on  of t h e  p lane  s o l u t i o n  o f  t h e  

fol lowing type: 

u = j [ul (5, z, t )  cos w + u, (z, z ,  t )  sin w l  dw 1 
-A 

where u l ( x ,  z ,  t) i s  determined from (2 .21 ,  and u ~ ( x ,  z, t)  - from 

( 2 . 5 ) .  It can be  r e a d i l y  seen  t h a t  t h e  v e c t o r  ob ta ined  s a t i s f i e s  

t h e  equat ions  of motion, t h e  condi t ion 

and has  t h e  r e q u i s i t e  dependence on 9. Replacing t h e  v a r i a b l e  

J 
--R 

I 8 9 5  
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. *  

I n  t h e s e  express ions ,  t h e  func t ions  6 ( l S 2 )  a r e  determined 

from t h e  equat ions  

and t h e  func t ions  under t h e  i n t e g r a l s  are expressed by t h e  two un- 

known funct ions  V( 6 )  and VI( a ) ,  according t o  (2.2) and (2.5). It 

can be r e a d i l y  seen  t h a t  V( 6 1 and VI( 6 ) can b e  regarded as odd 

func t ions  of 6 ,  since t h e  components i n  (4.1) - corresponding t o  

t h e  odd p a r t s  of t hese  func t ions  - disappear  i d e n t i c a l l y .  L e t  us 

use t h e  n o t a t i o n  

F (e’) = V (e), F1 (e2) = Vl (a) 

Taking t h e  f a c t  i n t o  account t h a t  = e(*) = 6 E t / r cos Q in 

t h e  case  of z = 0 ,  w e  can o b t a i n  t h e  fol lowing express ions  from 

(4.1): 

- r = R e  \ [TF’ (v)-(i-F)Z; (v)],- dv , vo = - t’ rs 2coscp vr v - VIJ 
1, 

1 2  



The i n t e g r a t i o n  contour i s  shown i n  Figure 4 .  I n  o rde r  t o  V 

f u l f i l l  t h e  i n i t i a l  condi t ions ,  expressions ( 4 . 2 )  must d isappear  f o r  

vo < a-2. 

r e g u l a r  o u t s i d e  of  t h e  branch c u t  from a-2to 00 - s a t i s f y  t h e  con- 

d i t i o n  

This w i l l  be  f u l f i l l e d ,  i f  F ' (v)  and Fl'(v) - which are 

1896 

F' (0) = - F,' (0) 
( 4  3) 

and decrease  t o  i n f i n i t y  more r ap id ly  than  v-l. I n  view of t h e  

boundary condi t ions ,  t he  f i r s t  two of  t h e  express ions  i n  ( 4 . 2 )  

must d isappear  f o r  vo < C2. 

must b e  r e g u l a r  f o r  Re v < 

I n  order  t o  do t h i s ,  F'(v) and F1'(v) 

a-2. On t h e  o t h e r  hand, t h e  l a s t  two 

express ions  i n  ( 4 . 2 )  must disappear  f o r  v o  > 

t h i s ,  t h e  in tegrands  must be  regular  f o r  Re v > vo > 

a-2. I n  o rde r  t o  do 

a-2. We 

f i n d  F'(v) and F1'(v) from t h e s e  condi t ions and t h e  r e q u i s i t e  stress 

behavior  i n  t h e  v i c i n i t y  of t h e  crack edge. It can b e  shown t h a t ,  

j u s t  as i n  t h e  p l ane  problem, a n  a d d i t i o n a l  condi t ion  can b e  f u l -  

f i l l e d  only f o r  a < c. The funct ions F ' (v)  and F~'(v) s a t i s f y  t h e  

r e q u i s i t e  cond i t ions  i n  the  following form: 
A 

(3-* - v)' F' (v) = - P,' (v) = 

Figure 4 .  

13 



where A is an i n d e f i n i t e  cons tan t .  

S imi l a r ly  t o  express ion  ( 4 . 2 ) ,  w e  can o b t a i n  t h e  fol lowing f o r  

z = 0: 

T , ~  = -v< COST Re \[eG (v)  -(i-$) C, ( v ) ]  dv - 
v)/v-vyo i" 

where 

V V V 

V 

G, (v)  = p 5 Vb-aPhF',(h) dh 
0 

The lower l i m i t  h e r e  i s  s e l e c t e d  as be ing  equal  t o  ze ro ,  i n  

o rde r  t h a t  t h e  in tegrands  i n  ( 4 . 4 )  be r e g u l a r  f o r  v = 0, which i s  

necessary  i n  order  t h a t  t h e  i n i t i a l  condi t ions  be f u l f i l l e d .  

The func t ions  F(u) and F l ( u )  can be r e a d i l y  c a l c u l a t e d ;  as a 

r e s u l t  , w e  o b t a i n  

and from ( 4 . 4 )  w e  f i n d  

W e  can t ransform t h e  express ionsfor  G(u) and Gl(u) i n  t h e  

f o 1 1 owing way : 

-rn V 

GI (v)  = p' v b - 2 v F I )  (Y) dv + p 5 Vb-2FI) (A) dh = Ml 4- GI* ( v )  
u voo 
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The terms i n  (4.4),  which correspond t o  G*(v) and Gl*(v), 

disappear  f o r  V o  > 

func t ions  are r e g u l a r  f o r  R e  v > vo > 

s i n c e  t h e  in tegrands  conta in ing  these  

a-2. W e  thus have 

~ ~ ~ = - ( M - M ~ ) n c o s c p ,  z,,=(M-Ml)nsinq, f o r  Z=O, r<at  

Comparing t h e s e  va lue  wi th  the boundary c o n d i t i o n s ( l . 4 ) ,  

w e  o b t a i n  

(M - M,) n = 7" 

or 

We s h a l l  des igna te  t h e  i n t e g r a l  i n  t h i s  equat ion  by I l ( a ) , a n d  

w e  s h a l l  set A1 = - ITA, We then have 

I n t e g r a t i n g  express ion  (4.5) with r e s p e c t  t o  t i m e ,  w e  now 

ob ta in  

o r  i n  Car t e s i an  coord ina te s ,  

u , = 2 a A 1 v a 2 t 2 - r 2 ,  u,=O f o r  Z = O ,  r < u t  (4.9) 

Here x = r cos cp, y = r s i n  9.  Thus, t h e  displacement 

d i r e c t i o n  of t h e  c rack  edges coincides wi th  t h e  d i r e c t i o n  of i n i -  

t i a l  stress. 

Using t h e  method descr ibed  i n  t h e  work (Ref. 2 ) ,  w e  can 

o b t a i n  t h e  asymptot ic  expressions f o r  v e l o c i t y  and stress c l o s e  t o  

t h e  crack edge 
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r = at + 6 cod$, 

where the  fune t ioxSf ( l ) ($ )  and f(*)(JI)  are t h e  same as i n  (3.7). 

Employing t h e s e  express ions ,  w e  can o b t a i n  t h e  fol lowing r e l a t i o n -  

z = 6 sin 11, , /898 

s h i p  from t h e  condi t ion  (1.6): 

. .  
0 

+ azvl - a2b+ sinzcp} dcp = C 
(4.11) 

It can thus  be seen  t h a t  - as w a s  noted when t h e  problem w a s  

formulated - t heve loc i ty  a must be, s t r i c t l y  speaking,  a funct ion 

of q ,  s i n c e  i n  t h e  genera l  case the in tegrand  depends on Q with  

cons t an t  a. However, t h e r e  is one value of a - namely, 

(4.12) 

a t  which t h e  in tegrand  i n  (4.11) is  cons t an t ,  s i n c e  i n  t h i s  case 

t h e  c o e f f i c i e n t s  co inc ide  for cos’ q and f o r  s in2 q .  With t h i s  

v a l u e  of a, t h e  crack w i l l  have a c i r c u l a r  form. The corresponding 
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magnitude of i n i t i a l  stress i s  obtained from (4.7) ,  (4.11) and 

(4.12) 

(4.13) 

I n  t h e  genera l  case, performing i n t e g r a t i o n  wi th  r e spec t  t o  q~ 

i n  (4.11),  w e  o b t a i n  t h e  equat ion 

which determines a c e r t a i n  e f f e c t i v e  va lue  of a. 

t h a t  t h e  c l o s e r  T O  i s  t o  t h e  va lue  (4.13),  the  b e t t e r  i s  t h e  des- 

c r i p t i o n  provided by t h i s  s o l u t i o n  f o r  t h e  crack propagat ion 

process .  

It i s  apparent  

The author  would l i k e  t o  thank N. V. Zvol inskiy f o r  h i s  he lp  

i n  t h i s  work. 

Received Apr i l  10, 1964. 

REFERENCES 

1. Broberg, K. B. The Propagation of  a b r i t t l e  crack. Arkiv. 

Fys., Vol. 18, No. 2 ,  1960. 

2. Kostrov, B. V. Axisymmetric Problem of Normal Rupture 

Crack Propagat i o n  

t r a n e n i i  t reshchiny  normal'nogo razryva) .  Pr ikladnaya 

Matematika i Mekhanika, Vol. 28, No. 4, 1964. 

( O s  es imme t r ichnay a zadacha o raspros-  

3. Frank, F. and Mizes, R. D i f f e r e n t i a l  and I n t e g r a l  Equations 

of Mathematical Physics  (Di f f e ren t s i a l ' nyye  i in teg ra l ' nyye  

17  



* 

r 

~~ 

NASA TT F-9547 

uravneniya matematicheskoy fiziki). Ob'yedeneniye Nauchno- 

Tekhnicheskikh Izdatel'stb, Moscow-Leningrad, 1937. 

Scientific Translation Service 
4849 Tocaloma Lane 

La Canada, California 

18 


